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DIOPHANTINE ANALYSIS. 



Oonduoted by J. M- COLAW, Monterey, Va. All contributions to this department should be tent te him. 



SOLUTIONS OF PROBLEMS. 



21. Proposed by f. P HATZ, M- So., Ph. D , Professor of Hathematios and Astronomy, in New 
Windsor College, New Windsor, Maryland- 
Find (1) nine positive integral numbers in. arithmetical progression the sum of 
whose squares is a square number; and (2) And nine integral square numbers whose sum 
is a square number. 

Solution by ARTEMAS MARTIN, LLD , U S. Coast and Geodetio Survey Offioe, Washington, D.C. 

1. Let x—iy, x—3y, x—2y, x—y. x, x+y, x+2y, x+3y, x+<ly denote 
the required numbers in arithmetical progression, and the sum of their squares 
is9.r*+60y*=n .. ..(1). 

Put y=3z and (1) becomes, after dividing by 9, 



x* +602* = D = (x+ %-s Y . . . . (2); 



. x Wq*-p* 

whence -= — '— — *-—. 

Z 2pq 

x 14 
Let jt>=l, q=$- then- — — . Take *=14, 3=1; then y=3, and the 

numbers are 2, 5. 8, 11, 14, 17, 20, 23, 26;* and we have 

2 s + 5*+8* + 11* +14* +17* +20 ! +23 8 +26 8 =48*. 

x 59 
Let/>=1, q-1; then -= -^- . Take *=59, z=2; then y=6, and the 

numbers are 35, 41, 47, 53, 59, 64, 70, 76, and 80; and we have 

35*+41* + 47 i! +53 i! +59*+64*+70»+76 i! +82 i! =183 !! . 
By giving suitable values to p and q an infinite number of sets may be 
found. 

2. Take the well-known identity (x+y)* = {x— y)* + ixy (3). 

If we can transform ixy into a square we shall have two square num- 
bers whose sum is a square. Since * may be any quantity whatever, we may 
put *=a+b+c+d+e+f+g+h, and then we have 
(a+b+c+d+e+f+g+h+y)* = (a+b+c+d+e+f+g+h-y)' 

+4y(a+b+c+d+e+f+g+h). . . .(4). 
The last term will be a square if we take «=«'«, 5=;', c^k*, d=l*, 
e=w.»,/=n*, g=p*,h=q t , y=r i , and we have 

(i s +j t +k t + l i +m i +n t +p*+q t +r i y 
"(i t +j t +k*+l i +m i + n t +p t +q*-r t ) i . 
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+ (2r$*+(tyy+(2rk) i +(2rl) t +(2rm) t + (^) t +(to<p)*+{2rq) t .. ..(5). Take 
*'='l), i /=*2, 4=3, Z=4, m=5, w=6,/>=7, 5"»8,t=«9; then, after dividing the 
numbers by 3, we have 6* +12* +18* +24* +30* +36* +41* +42* +48* =95*. 

An infinite number of sets of nine square numbers whose sum is a 
square may be found from (5). 

87. Proposed by 8. B. M. ZBRR. A. M. , Principal of High Sohool, Staunton. Virginia. 

Decompose into the sum of two squares the product 5 x 13 x 61. 

I. Solution by DAVID E. SMITH, Ph. D., Professor of Mathematies, Statt Normal Sohool, 
Tpiilanti, Miehigan. 

Taking the usual formula 

(m*+n s )(o5*+y 8 )=»(»?a?±My) 8 + (»M/=FMaj)*, and noticing 
that 5.13.61=65.61, the problem reduces to decomposing 65 and 61 into two 
squares, which give 

65=64+1=49+16, 
61=36+25. 
.-. 65.6l=53*+34*=43*+46*=62* + ll*=22*+59 s . 
The products 1.3965, 5.793, and 13.305 give no different results. 

n. Solution by th« PROPOSER. 
(m* +n t )(p i +q t )*=(mp±nq) i ■+ (mq^np)* ,=* A* + B*. 

h»°+n')(p*+f)(r*+s t ) = (A*+B°~)(r*+s i )> = (Ar±7}8) s + (As=?B>-)\ 
Let w» = 2, « = l./>=3, q=2, r=5, *=6. 

Then .4 S + /? I = (6±2) 8 + (4= F 3)\=8 2 + 1 8 ,=4 1J + 7 S . 
(2 s + l 1 )(S»+2«;(5 , + 6 , )-5x 13x61 

= (40±6) s +(48±5)*, = (20±42) s +(24=f35)». 
=46 8 +43 5 ,=34* + 53\*=62* + 11 s ,=22-+59 ! . 

IF. Solution by COOPER D. SCHMITT, Professor of Hathematios, University of Tennessee, Knox- 
Tille, Tennessee. 

I present a general solution of this problem, true for any number 
found according to the same law. 

5=l s +2 2 , 13 = (l+2) 8 + (lx2)% = 3 2 +2'-. 6l=(3 + 2) 2 +(3x2) 8 =5 2 +6 2 , 
Then in general we have {■r t +y*)[{x+y) s + (.ry) i ][(z+y+xy)* + (xy) i (x+y)*] 
and this is to be shown to consist of two squares. 
Using determinants we have as follows: 



x —y 
y x 

■»*+s»7/+aty*, x i y—xy—y- 



x+y —xy 
ley x+y 



x + y+xy 
x"y+xy* x-\-y+vy 



x+y+ry —x*y—xy 
xy+y i —x i y, xy*+x*+xy * x*y+xy* x-S-'y+xy 



